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Abstract. For any nilpotent orbit O in a complex semisimple Lie group G, it is 
known from algebraic geometry that the normality of its Zariski closure O is related 
to the ring of regular functions of O. On the other hand, if G is classical, Kraft and 
Procesi gave a combinatorial criterion on the normality of O. In this paper, we will 
give a algorithm computing the multiplicities of the fundamental representations 
in the ring of regular functions of O, and will relate it to an equivalent criterion 
on the normality of O in terms of multiplicities of fundamental representations. 



1. Preliminaries 

1.1. Classical Nilpotent Orbits. It is well-known that all nilpotent orbits in a 
complex classical Lie group can be expressed as partitions, where the partition cor- 
responds to the size of the Jordan blocks. In particular, here is the classification of 
nilpotent orbits in type B, C and given in [6j for instance: 

Theorem 1.1. For type Bn, all nilpotent orbits in S0{2n + 1,C) are identified with 
the partitions of2n + l in which even parts occur with even multiplicity. 

For type Cn, nilpotent orbits in Sp{2n, C) are identified with the paritions of 2n 
in which odd parts occur with even multiplicity. 

For type Dn, nilpotent orbits in S0{2n,C) are identified with the partitions of2n in 
which even parts occurs with even multiplicity, except for the 'very even' partitions - 
partitions with only even parts, each having even multiplicity. Each very even parti- 
tions corresponds to 2 orbits. 

If we only consider 0{2n, C) -conjugates of nilpotent elements in o(2n, C) = so(2n, C), 
the two nilpotent orbits corresponding to a very even partition will be merged into 
one orbit. In this case, there is at most one orbit for every partition of2n. 

From now on, we only consider 0{2n, C)-conjugates of nilpotent elements in so{2n, C). 
Therefore, there is only one orbit for the very even partitions of 2n. 
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1.2. Another Characterization of Classical Nilpotent Orbits. In the last Sec- 
tion, all nilpotent orbits of classical type are characterized by partitions. And the 

partitions arc often expressed as Young diagrams whose row sizes are determined by 
the corresponding partitions. In fact, in studying nilpotent orbits, it is sometimes 
more convenient to look at the column sizes of a Young diagram. The column sizes 
of the Young diagram corresponding to a partition is given by the dual partition 
of the original partition, which is defined by the following: 

Definition 1.2. Let (ri, r2, . . . , r.j) be a partition of n, with ri > r2 > ■ ■ ■ > > 0, 

then its dual partition is given by (c^, c^-i, . . . ,Ci), where Ck+i-j — i^{i\Ti > j}. 

Example 1.3. Let O — [4,2] in Sp{6,C). Then the Young diagram corresponding 
to O is given by 



And the dual partition of O — (2, 2, 1, 1). 

Prom now on, we will determine a nilpotent orbit by its dual partition, or equiv- 
alently the column sizes of its corresponding Young diagram. Here is a restatement 
of Theorem 1.1 in terms of column sizes. 

Corollary 1.4. Any nilpotent orbit in Sp{2m, C) can be paramatrized by a partition 
of 2m with column sizes {c2k,C2k-i, ■ ■ ■ ,co), where C2k > C2k~i > • • • > cq > (by 
insisting C2k is the longest column, we put cq = if necessary), such that C2i + C2i_i 
is even for all i >0. (Note: c_i = 0^ 

Any nilpotent orbit in 0{n,C) can be paramatrized by a partition of n with column 
sizes {h2k+iMk, ■■■,bo), where b2k+i > &2fc > ■ ■ • > &o > (putting bo = if 
necessary), such that b2i + &2j-i is even for all i > 0. (Note: 6_i = 

Example 1.5. (7,6,4,4) is a nilpotent orbit in 0(21, C) but it does not define a 
nilpotent orbit in Sp. 

1.3. Kraft-Procesi Criterion on Normality. Given the combinatorial descrip- 
tion of the nilpotent orbit O in the classical case, we can now state the criterion on 
the normality of the Zariski closure of O, given by Kraft and Procesi: 

Theorem 1.6 (Kraft-Procesi). Let O = {c2k,C2k-i, ■ ■ ■ ,co) be a nilpotent orbit in 
Sp{2m, C). // there is a chain of column lengths of the form 

then O is not normal along {c2k, • • • , C2i, C2i-i+2, 02,-2- ■ ■ ■■ C2j-i, C2j„2-2, £2^-3, . . . , Cq) 
Similarly, the closure of a nilpotent orbit V = {b2k+i, ■ ■ ■ ,bo) in 0{n, C) is not normal 
if there is a chain of column lengths of the form 

b2i 7^ &2i-l = &2i-2 = ■ ■ • = 62^-! = &2j-2 7^ ^2^-3 
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(Note: h2k+2 = 

Example 1.7. In Sp{2m,C), the orbit closures (8,6,6,6), (6,6,6,6) are normal, 
while (8, 6, 6, 4) is not normal. InO{n, C), (8, 6, 6, 6), (8, 6, 6, 4) are normal, (6, 6, 6, 6) 
is not normal. 

2. Statement of the Main Results 

Apart from the combinatorial criterion of normality given in the last Section, there 
is a more general algebro-geometric criterion of normality: 

Lemma 2.1. Let O be a G-orbit with Zariski closure O. If O \0 has codimension 
greater than or equal to 2, then the ring of regular functions ofO, R[0] is the integral 
closure of R{0] in its field of fractions. 

Note that all (real or complex) nilpotent orbits are symplectic manifolds with the 
Kostant-Sekiguchi symplectic form, therefore they are all of even (real or com- 
plex) dimensions. In particular, the nilpotent orbit closure O satisfies the hypothesis 
of the above Theorem. So we have the following: 

Corollary 2.2. R[0] ^ R[0] if and only ifO is normal. 

Also, it is well-known that if X is an algebraic variety endowed with an action 
of a reductive group G (so O and O are examples of X), then R[X] can be de- 
compsed as a direct sum of irreducible, finite-dimensional G representations, i.e. 
R[^] = ©A '^A^A for A being the parameters of irreducible, finite-dimensional G 
representations. The first Theorem of the paper is to compute the multiplicities mx 
for fundamental representations Vx in R[0]: 

Theorem 2.3. Suppose O — {c2k,C2k-i, ■ ■ ■ ,co) is a nilpotent orbit in Sp{2m,C). 
First remove all column pairs of same size, leaving the orbit {d^i, ^2/-!, ■ ■ ■ ,do). For 

each removed column pair Ci = Cj_i = y, let Y = {ci\ci = Ci-i are removed from O} 
with multiplicities. Also, let Z = {zj = !^2il^2^^j = 0, . . . ,/}. Then rearrange ele- 
ments in Y U Z in non- decreasing order to get W := Y U Z = {wi\i = 0, 1, . . . , k}, 
with Wi < Wj if i < j. 

Now define a sequence of sequences /3j = (Ao; Ai) ■ ■ ■) recursively by: 

• Begin with the sequence = (Poo, Poi, ■ ■ ■ ) = (C'o^)' (1)' {''V)^- ■■)■ 

Wi + l 

• Define the i-th sequence ctj recursively by = /3j — (0, . . . , 0, /3io, Ai) A2, ■ • ■ )• 

Then 

m 

[R[0] : [i2i\ = l3{k+i)i for i< — 
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[R[0] : iX2i+i] = for all i 

where /li — A'C^"/ A*~^ C^" are the fundamental representations of Sp{2n,C) (if 
i-2<0, take A^-^C^" = triv ). 

Suppose V = (c2fc+i, C2fc, C2fc-i, • • • , Co) is a nilpotent orbit in 0{n,C). First re- 
move all column pairs of same size, leaving the orbit {d2i+i,d2i,d2i-i, ■ ■ ■ ,do). For 
each removed column pair c-i = Cj„i = y, let Y = {y\ci = Cj_i are removed from V} 
with multiplicities. Also, let Z = {zj ~ d^j+^j-i | j = Q, . . . ,/} (note that d2i+i is not 
used in the algorithm). Then rearrange elements in Y U Z in non- decreasing order 
to get Y U Z — {wi\i = 0, 1, . . . , k}, with Wi < Wj if i < j . 
Now define a sequence of sequences j3i — {Pio, f^n, . . .) recursively by: 

• Begin with the sequence (5q = (/3oo, /^oi, • • • ) = ((0) ' CV) ' CV) '•••)• 

Wi + l 

• Define the i-th sequence ai recursively by ^j+i = — (0, . . . , 0, Pio, Pn, f3i2, ■ ■ ■). 
Then for the fundamental representations /I'j :— A-'C" in 0{n, C), 

[R[V] : fi'2,] = for 2i < n 

[R[P\ ■■ )"2^+l] = for all I 

Example 2.4. Let O = (8, 6, 6, 4, 4, 2, 2) in Sp{32, C). Then the Wi 's are {2, 4, 4, 6}. 
We therefore have the multiplicities as follows: 
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Let V = (7, 5, 3, 3, 1) in 0(19, C). Then the Wi 's are {6, 6}. We therefore have the 
multiplicities of /i2i c^s follows: 
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The second Theorem of this paper is to relate the algebro-geometric criterion of 
normality in Corollary 2.2 with the combinatorial criterion given by Kraft-Procesi in 
Theorem 1.6. In particular, we have the following Theorem: 

Corollary 2.5. Let O be a nilpotent orbit in Sp{2m, C). Then O is not normal iff 

[R[0] : < [R[0] : 

for some i > 0. 

Let V = (&2fc+i, ■ ■ ■ ,bo) be a nilpotent orbit in 0{n, C) such that 62fc+i 7^ &2fc- Then 
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V is not normal iff 

[R[P] : < [R[P] : 

for some i > 0. 

Remark 2.6. In fact, the Corollary holds for all orbits in 0{n,C) without the con- 
dition b2k+i 7^ &2fc- However, the proof will be a lot more involved in this special case, 
which we do not include here. 

3. Proof of Theorem 2.3 

3.1. The Barbasch Model on O. In [4j Section 2], Barbasch constructed a (gc, Kc)- 
module of any nilpotent orbit of classical type, denoted as Xq. The definition of Xq 
is given below: 

Definition 3.1. Let O = (Cj.,...,Co) be any nilpotent orbit in G, where G = 
Sp{2m,C) or 0{n,C) . Define Y and Q inductively as follows: 
Let Yq = (p and Qo = O. Suppose i is the smallest integer such that Ci = Cj+i, then 
Qi := {cr, . . . , Q+2, . . . , Co) and Yi := Yq U {q}. 

Continue the above process until we get Q = {di, . . . , do); with di ^ rfj+i for all i. 
Then Y are the lengths of the removed columns with multiplicities. Let 

(1) Xo ■= -^"-'^G(Q"QxGL(y)(^S ® triv (g) ■ • ■ triv) 

where G{Q,C) = G{'^di,C), GL{Y) = Ilc.^(zYGL{ci,C) and Xq is the spherical 
unipotent representation attached to the nilpotent orbit Q. 

Theorem 3.2 (Barbasch). As Kc = G -modules, 

Xo = R[0] 

The theory of unipotent representation is well-studied by Barbasch and Vogan, 
for example f2\, [3]. In particular, the character theory of such representations are 
known. This gives us in theory a way to compute the multiplicities of any finite- 
dimensional irreducible representations of Xq. 

3.2. Spherical Unipotent Representations. In this Subsection, we explore the 
theory of spherical unipotent representations mentioned in the last Subsection. 

Proposition 3.3. Let Q = {c2k, ■ ■ ■ ,co) be a nilpotent orbit in Sp{2n,C), with 
Ci 7^ Cj_i for all i. Then the corresponding infinitesimal character attached to Q 
IS (x; X) = (Xo, Xi, • • • , Xfc; Xo, Xi, • • • , Xk), where Xi is defined by the following: 
• For i between 1 and k, Xi = • • • , ^^^i^) 

. Xo =(f,...,l) 
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Let V = {b2k+i,b2k,b2k~i, ■ ■ - bo) be any nilpotent orbit in 0{n,C). The infinitesi- 
mal character of X-p is (x? Xfc+i! X? Xfc+i)? where x is defined in the same way for 
V = {b2k, &2fc-i, ■■■,bo), and Xk+i = C'"'\'~^ , •••,!) if &2fc+i is odd, • • • , 0) 

if b2k+i is even. 

Proof. This is given in [3]. □ 

Therefore, the character formula of Xq in the last Subsection consists of integral 
and half-integral entries. We first study the character theory in these two separate 
cases. 

3.2.1. Integral Character Theory. Suppose the infinitesimal character is integral, 
then it is necessary that all the columns sizes of Q are even. We need a few no- 
tations before stating the character formula of Xq. 

Definition 3.4. Let x ^ h* be an integral character. Correspond P)* with the Lang- 
lands L-group ■^P). Next, find the Levi subalgebra f) such that (A, m) = for all 
m m. Then the left cell corresponding to x is given by V{x) = 'Jw{^m)(^9''^)^^9^' 
where J is the truncated induction defined by Lusztig. 

Theorem 3.5. Let Q = {dk, . . . ,di) be a nilpotent orbit in g with di ^ di^i for all i, 
and let x, ^ix) ^s in the previous Sections. Then there is a one-one correspondence 
between the irreducible Weyl group representations in V{x) and (Z/2Z)'^, where s = 
L|J if Q = and s = [|] — 1 z/g = o. Suppose the correspondence is given by 

X e {Z/2Zy i — > e V{x) 

then the character formula of Xq is 

X 

with 

RM ■■= E H^M)x ( 4 ) 

where X (^^^ is the K-finite part of the principal series representation Ind'§{C(x^^)) 
Definition 1.7(d)]; 

By using the techniques in |2i Chapter 6], the above character formula can be 
substantially simplified. Here is an example of how the formula of Xq is like: 
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Example 3.6. Suppose (8,6,4,2) inSp{2Q,C). Thenx = (4, 3, 2, 1, 0, 1, 2; 2, 1, 0). 
The character formula of Xq is 

i V- r ,MM^f 4321,210 21,0 
4 



(-^^iMxf 4321,210 21,0 \ 
^ ^ ^ \ w( 4321,210 21,0) ) 

W{C4XD3XC2XDl) ^ 

, 1 V- (_^VMYf 43210,21 21,0 \ 

+ 4 ^ ^ ^ [ w( 43210,21 21,0) i 



W{DtxCixCixDx) 



A Sr (-UiMx 4321,210 210 

^4 ^ ^ ^ \ w( 4321,210 210) 

W{C4xD;iXD:,xCo) ^ 

,1 V- 43210,21 210 \ 

^4 ^ ^ ^> ^ [ w( 43210,21 210) j 

Let 7^ = (6,4,2) in 0(12, C), the character formula of X-p is 

1 (^VMvf 210+ 21,0 \ 1 ^ (_uiMyf 210+ 210 \ 

2 2^ ^ V ^^( 210+ 21,0) i + 2 ^ ^ ^ \ w( 210+ 210) i 

3.2.2. Half-Integral Character Theory. After dealing with the case of purely integral 
infinitesimal characters, we move to the case of purely half-integral infinitesimal 
characters. This is an important ingredient for such theory: 

Theorem 3.7 (Kazhdan-Lusztig Conjecture). For each X I), consider the root 
system A(A) := {a\{a,\) G Z}. Then the character theory of unipotent representa- 
tions in Q can be derived from that of A{X). 

The conjecture was proved separately by Kashiwara-Vergne and Beilinson- Bern- 
stein. 

By the Kazhdan-Lusztig conjecture, we study the character theory of unipotent rep- 
resentations with half-integral infinitesimal characters in W{Djn) < W{Cm) (note 
that the Kazhdan-Lusztig conjecture is vacuous for half-integral infinitesimal char- 
acters in the W{Dn) and W{Bn) cases). 

In this case, the character formula is different from the integral case. It is better 
expressed by examples: 

Example 3.8. Let Q = (9, 7) m Sp{16, C). Then x = (|, i, f, §, i ^, ^, ^), and 
the character formula of Q is 

7 5 3 1 5 3 1 

) 



X \ i/N / 97531 531\ . s / 9 7; 

J2 (-i)'^"^^(w nil! Ill))- E 

^ \ 2 2 2 2 2 2 2 2-* / ^ \ '^^ 222 



,2 2 2 2 2 2 

weWiDsxDs) weWiDsxDs) 
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Let V — (9, 7, 5, 3) in 5'p(24, C), the character formula of X-p is: 

/ 9Z531 531 531 1 

E (-1)^^"'^^ ( ^( mil ill ill 

weW{DsxD3xD3xDi) 



'^i 22222 222 222 2) 

/ 91531 531 531 1 \ 

E (-i)'('")x .Ws^ii 5¥|i II! i\ 

.n.s.n_s.n.A V ^ 2 2 22 2 2 2 2 2 22 2^ / 



we VK(D6 X D3 X Da X Di ) 



/ 97531 531 531 1 \ 

E (-1)'^'"^^ nil! 11! #S J) ) 

loGVypsxDsxDsxDi) ^ ^ 22222 222 222 2^/ 

/ 97531 531 531 1 \ 

+ E (-ij'^'^x ( . Mill iili Ifh \ 

weWiDsxDaxDaxDi) ^ 22222 222 222 2^/ 

3.2.3. General Case. In the previous subsections, we have seen the character theory 
of unipotent represenations with purely integral or purely half-integral infinitesimal 
characters. In fact, by the Kazhdan-Lusztig Conjecture (Theorem 3.7), it is enough 
to derive the theory of unipotent represenations out of these two cases. One just 
need to separate the integral and half-integral coordinates, apply the algorithms in 
the previous two sections, combine them together to get the result. 



Example 3.9. Let V = (9,7,5,4,2) in 0(27, C). Then from above, we know the 
character formula of the orbit (9, 7, 5) in 0(21, C) is 



f 1531, 7531 31 \ 

W{D^XD^) ^ ^ 2 22 2^ 2 22 2 22^ / 

/ 1531, 7531 31 \ 

- E (-1)'^"^^ MMT m\ 3|I^ 

W{D^xD^) ^ ^ 2 22 2^ 2 22 2 2 2 ^/ 

and the character formula for the orbit (4, 2) in Sp{6, C) is 

b E i-^r>x[ l\ ;). E (-i)"-'x( ^)) 

W(C2xDi) ^ ' ' ^ WiDsxCo) ^ ^ 

Then the character formula for the X-p is just the 'cocatenation' of the two character 
formulas above: 

1 / Z531_|_ 7 5 3 1 3 1 21 \ 

2 ^ ^"^)'^"^^( ^( llll II 21 0) ) 

W{D4XD2XC2XDi) ^ ^ 2 22 2 2 22 2 2 2 // 
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1 / I53i-I_ Z531 31 9-1 r, \ 

E mt m # 21 0)) 



vy(n4x£)2xC2x_Di) 

1 / 1531, 7531 31 oin 

+ 2 E (-1)'^^^^ M llllt llii 11 210) 

H^(D4xD2xD3xCo) ^ ^^^^ ^^^^ 



1 / 15 3 1, 753 1 3 1 oir, \ 

■5-.,- ,1? '-^''""(»( liii: 



W{D4,xD2XD3XCo) 

In fact, the above cocantenation technique works in general: 

+ 

Proposition 3.10. Ifp,q are both even, define^p^ to he 

2 ^ ^ ^ I w( |...i |...o) 

+ 2 ^ ^ ^\w{ f ...0 

W(Dp/2+ixC,/2) \ V 2 2 / 

+ 

Ifp,q are both odd, define to he 



( pi <izl 1 

M^(^p/2Xi?,/2-i) ^ ^ 2 ■■■2 2 ■■■2^ 



2 31 22:2 31 

2---22 2 ■■■22 

p 3-1 q-2 3-1' 



"^V 2^^^22 2 ■■■22 



W(Dj,/2Xi3,/2-l) 

Lei (9 — {d2i, . . . , cq) &e an orbit in Sp{2m, C) so that no two columns are of the 
same size. Then the character formula of Xq is of the form 

+ + ^^^4^ 

Xq — {d2i, d2i-i; d2i-2, d2i-3', • • • ; c?2, di, do) 

+ + 

i.e. the cocatenation of the character formulas d2i,d2i-i, d2i-i,d2i-2, do, and do 

{ ^ 1 \ 

has the character formula T := E„,ety(Q,,/2)(-l)'^"'^^ ( ^( ^ ' " ' 'l) ) • 

Let V = {d2k+i, • • • , Co) be an orbit in 0{n, C), with no two columns are of the same 
size. Then the character of X-p is of the form 

+ + + 
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where the parts {d2i,d2i-i; ■ ■ ■',d2,di;do) is defined as in the Sp{2m,C) case, and 

d2i+i _ -1 p., \ / d2i+i _ 1 1, 



d2i+i = X ( ^ A , ) «5 even, and dzz+i = X ( ^ _ i ' " ' i , 

if d2i+i is odd. 

On can easily check the above Proposition holds for Examples 3.6, 3.8 and 3.9. 

3.3. Computing Multiplicities of Xq. We now compute the multiplicities of the 
fundamental representations appearing in R[Q], when no two columns of the orbit 
Q are of the same size. This is a special case of Theorem 2.3. 

+ 

Lemma 3.11. Lefp^ be the character defined as in Proposition 3.10. Then for any 
fundamental representations /li in G — Sp{2{p + q), C) or n[ inG — S0{2{p + q), C), 

+ 

[p^ : Hi] = [Ind^^^^^^{triv) : //j] 

+ 

[P^ ■ /^i] = [Ind^^^p^^{triv) : 
Proof. There are several ways to prove the Lemma, and we present one here. Consider 



the character formula of p,q , which is of the form p,q = Yli (^iX ^. j ■ By 
Frobenius reciprocity 

i ^ ' i 

where /i is any fundamental representations of G, and T < G is the Cartan sub- 
group of G. Therefore ii\t is just the character of the fundamental representations. 

+ + 

Therefore the multiplicities : Hi] (or ['p^ : h'^]) can be computed, and is equal 
to. 

+ 

[ pTi" : ^i] = ^oi 

+ 



r^-^ /I _ / 1 if i is even 
[P,Q : /^d - I otherwise 



which is precisely the multiplicity of [Ind"^ .p+^ Atriv) : /Xj] (or [Ind'^ p+^ Atriv) : 
/X-]). Hence the Lemma is proved. □ 
With the same technique as in the previous proof, we also have the following: 
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Lemma 3.12. Let do be an even number, and T be the virtual character 



wew{Cdo/2) 



2 ' • 



Then 



in Sp{do, C), and 



[T : Hi] = Ind^jttd^lc)itriv) = 5^, 



iO 



\rr '1 rr j50(do,c) /, • n /n J 1 if 1 is even 



m SO{do,C). 



Proposition 3.13. Let Q he a nilpotent orbit in G = Sp{2m,C) or 0{n,C) such 
that no two columns are of the same size. Then Theorem 2.3 holds. 

Proof. We first deal with the case of Sp{2m, C). According to the character formula 
in Proposition 3.10, Xq has the same virtual character as 



+ 



+ 



^^4p(£fi_i,C)x...xSp(d2+di,C)x5p(do,C)('c^2h d2i-i® ■ ■ ■®'d2, di® T) 

Therefore, to compute [Xq : //j], we need to know: 



+ 



[Xq : Hi] = [/ri4p£2,,_,,c)x...x5p(d2+di,c)x5p(do,c)fe C2/-;(8) • • ■®'d2, di® T) : Hi] 



+ 



— [d2h d2l-\ <8) • • • <H) 'o?2, di ®T : A^C'^"^\sp{d2i+d2i-i,C)x-xSp{d2+di,C)xSp{do,C)] 



[d2i, d2i-i I 

+ 

[d2i, d2i-i 



8) (^2, di ®T : A* '^C^'^\sp{d2i+d2i-uC)x---xSp{d2+di,C)xSp{do,C)] 

+ 

d2,di ®T : A*C^™|5p(22;,C)x-x5p(2zi,C)x5p(2zo,C)] 



- [d2l, d2l-l ®---® 'd2, di ®T : A* '^C'^"^\sp{2zi,C)x-xSp{2zi,C)xSp{2zo,C 
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(Recall in Theorem 2.3 that 2zp = + (i2p-i)- Also, the restriction decomposes as 



[Xq : Hi] — [^2^ c?2/-i 



ioH l-j(=i p=0 



«oH \-ii=i-2 p=0 

I + 



- J] [T : A*°C2^°] nfcr^2p-i : A^-C^^''] 

h---+ii=i—2 p=l 



On the other hand, by Lemma 3.11 and Lemma 3.12, 



d2p, d2p-i : A'C = [d2p, ^2^-1 : ® //i-2 ® A«i-4 ® ■ ■ ■ ] 

+ 

= f(^2p, ^2p-l : A*i-2g] 

0<i-2g<j 

= ^ [Ind^^^lll'^]{trw) : /Xi_2g] 

0<i-2ij<i 



and 

Consequently, 



[T : AT^^°] = [/n4S:g(^r^^;) : AT^^»] 



GL(2o,C) 
io---+il=i-2p=0 
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Reversing the process, we get 

[Xq : ^li] = [/ri4?('"Qx...xGL(.o,c)(^'"^^ ® ■ • ■ ® triv) : 
Then the result follows by Frobenius reciprocity and induction on k. 
For the 0(n, C) case, X-p has the same virtual character as 

+ + 

^"^S^ii,C)x50fe+d2,_i,C)x...x50(d2+di,C)x50(do,C)(^'^^^ ® ^^h d2l-l ® • • ■ ® ^2, ® T) 

which, by the same argument as before, gives 

[Xr ■■ /i^] = [^'^C?S{S!;\,C)xGL(.„C)x...xGL(.o,C)(^^^^ ® ■ ■ ■ ® trtv) : fl'^ 
the result follows again by Frobenius reciprocity and induction on k. □ 

3.4. Proof of Theorem 2.3. With Proposition 3.13 on hand, it is now easy to see 
how Theorem 2.3 works. Recall that 

Xo ■= -^''^'^G{srQxGL(y)("^S ® ^^^"^ ® ■ • • ® triv) 
By Proposition 3.12 and induction in stages, for any fundamental representations fi, 

[Xo : /i] = [^^t^GL(y)'xGL{z,c)(^^^^ ® ■ ■ ■ ® triv) : fx] 
(Recall the notations in Theorem 2.3). Similarly, if V is any orbit in 0(n, C), 

[Xp : /i] = [Ind^LiY)xO(d,,+,,c)xGLiz,c)(t'"^^ ® ■ ■ ■ ® trtv) : /i] 
the Theorem follows in exactly the same fashion as in Proposition 3.12. □ 

Remark 3.14. In fact, the model given by Barbasch in [4J does not only deal with 
nilpotent orbits, but also some finite covers of nilpotent orbits O ^ O. One can also 
compute the multiplicities of finite dimensional irreducible representations in R[0] 
using the same technique. 

4. Proof of Corollary 2.5 

With the algoritms above, we can now state and prove another criterion of the 
normality of O by computing the multiplicities of irreducible finite-dimensional rep- 
resentations in Xq = R[0] (Theorem 3.2). Note that by the hypothesis in Theorem 

2.5, the longest column of the orbit in 0{n, C) is not involved. So we can just focus 
ourselves on the case of Sp{2m, C). 

Lemma 4.1. Let O = {c2k, C2k-i, • • • , cq) be a nilpotent orbit in G = Sp{2m, C), and 
H be any finite dimensional irreducible representation of G, then 

[R[0] : fi] < [nm ■■ /i] 

nnhprp ('Ofl ('£2fc+£2fc-i_ C2fc+C2fc-i C2fc-2+C2fc-3 C2fc-2+C2fc-3 C2+C1 e2+ei N 

Wlbei e \^ 2 ) 2 ' 2 ' 2 '•••'2'2' 0/ 
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Proof. Note that by the Kraft-Procesi criterion (Theorem 1.6), O'^ is normal. There- 
fore Corollary 2.2 says R[0^ = R\Oi]. On the other hand, note that D O. 
Consequently, we have a G-module surjection 

R[0^] = R[0^] R[0] 

and hence [R[0] : fi] < [R[0^ : fi] for any finite dimensional G-representations fi. 
However, the latter term is equal to [-R[(9^] : fi]. Hence the result follows. □ 

From results in the last Section (or from [10] directly), one can find out the mul- 
tiplicities of Xqh. And now we are in the position to prove Corollary 2.5: 



4.1. Proof of Corollary 2.5. One direction is easy - if C is normal, then R[0] = 
R[0] as G-modules, hence [R[0] : /i,] = [R[0] : /i^] for all i. 

Now suppose O is not normal, and let as in last Section. Then we obtain a 
new set of integers {xi} computing the multiplicities of Xpt. By the Kraft-Procesi 
criterion (Theorem 1.6), the two sets of integers {xi} (from O") and {wi} (from O) 
are different. More precisely, for m := min{z|xi ^ Wi}, Xm < Wm- By the algorithm in 
Theorem 2.3, this implies the existence of an i > such that : /ij] < [R[0] : yUj]. 

Now Lemma 4.1 says [R[0] : /ij] < [-R[(9^] : /ij] for all i, and consequently the theorem 
follows. □ 

Example 4.2. Gomg back to Example 2.4. Let O = (8,6,6,4,4,2,2) in Sp{32X)- 
Following Theorem 1.6 (Kraft-Procesi criterion), its closure is not normal. 
By Theorem 2.3, the Wi's are {2,4,4,6}. Now = (7,7,5,5,3,3,2), and the Xi's 
are {1,3,5,7}. We therefore have the multiplicities as follows: 



i 





1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


11 


12 


13 


U 


15 


16 


[R[0^ : /xj 


1 





3 





5 





7 





8 





8 





7 





5 





2 


[R[0] : fii] 


1 





3 





6 





9 





12 





13 





12 





8 





3 



The discrapencies of the two rows of numbers reflects the non-normality ofO. 

Let V = (7,5,3,3,1) m 0(19, C). Then = (7,4,4,2,2), the Wi's are {6,6}, 
and the Xi 's are {4, 8}. We therefore have the multiplicities of ii^i as follows: 



i 





2 


4 


6 


8 


10 


12 


U 


16 


18 


[R[V'] : l^[] 


1 


2 


3 


3 


3 


2 


1 











[R[V] : 


1 


2 


3 


4 


3 


2 


1 
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5. Final Remarks 

By Lemma 4.1, there is an upper bound of the multipUcities of R[0] by that of 
i^fO"]. In fact, we have the following 

Conjecture 5.1. Let O he a classical nilpotent orbit in G, and fi is any irreducible, 
finite dimensional representation of G. Then the multiplicities : /j] can be 

computed. In particular, if /i is a fundamental representation, then 

[R[0] : /.] = R[0^ : /.] 
The author knows of no counter-example to the above conjecture. 
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